Abstract. In this paper, we define the rates of convergence of double sequences and give some theorems on the rates of convergence of bounded double null sequences with real terms.
Introduction
The rates of convergence of single sequences have been studied in [2] , [3] , [4] , [5] , [7,p.298-301] , [8] , [9] and [10] . M.Bajraktarevic [8] , [9] gave some theorems on rates of convergence of single null sequences. The aim of this short paper is to extend the concept of rate of convergence of sequences into double sequences and is to give the analogues of fundamental theorems appeared in [8] .
First, we give the definition of convergence of double sequences. The original Pringsheim's definition ( [5] , Vol.II, p.303) says that a sequence {x mn } ∞ m,n=0 converges to the limit t if for every ε > 0 there is an N such that |x mn − t| < ε whenever min(m, n) > N. A double sequence x is bounded if ||x|| = sup i,j≥0
We notice that a convergent double sequence need not be bounded, as the example in [6, p.321] . Definition 1. Suppose that x = {x mn } ∞ m,n=0 and y = {y mn } ∞ m,n=0 are two bounded double convergent sequences of real terms and that lim m,n→∞ x mn = X, lim m,n→∞ y mn = Y, y mn = Y for all m, n. We say that x converges faster, slower, at the same rate or completely incomparable rates as y if, lim m,n→∞
lim m,n→∞
x mn − X y mn − Y = 0 and lim m,n→∞
hold, respectively, where lim m,n→∞ = lim inf mn and lim m,n→∞ = lim sup mn .
Term by term quotients are considered in this definition.
Throughout the paper, A will denote a collection of bounded double sequences, each of which converges to zero and such that each term is different from zero.
Main results
We have Theorem 1. There exists a bounded double positive null sequence z = {z mn } ∞ m,n=0 , all of whose terms are non-zero, which converges faster than each x ∈ A if and only if there exists a collection {A n } ∞ n=1 of sub-collections of A with the following properties.
and
Proof. To see that (5) and (6) are necessary conditions, suppose that z = {z mn } ∞ m,n=0 is a double bounded positive null sequence, all of whose terms are different from zero, that converges faster than each x ∈ A. Let set
Clearly (5) holds for the collection {A n } ∞ n=1 of sub-collections of A by the definition of converging faster. Furthermore, there exists a positive integer n 0 such that
To see the sufficiency of the conditions, suppose that {A n } ∞ n=1 is a collection of sub-collections of A satisfying (5) and (6) 
, where z kl = y 2 kl for every k, l. Then z = {z kl } is a bounded double positive null sequence and
and z kl |x kl | → 0. So that z converges faster than x, for every x. Theorem 2. There exists a double bounded positive null sequence z = {z mn } ∞ m,n=0 all of whose terms are non-zero, which converges slower than each x ∈ A if and only if there exists a collection {A n } ∞ n=1 non-empty subcollections of A, a strictly increasing sequence {N n } ∞ n=1 of positive integers and a decreasing null sequence {ε n } ∞ n=1 with 0 < ε n+1 < ε n < 1 for all n ≥ 1 such that
where N is the set of positive integers.
Proof. To see that (8) and (9) are sufficient conditions, let define y = {y mn } ∞ m,n=0 as follows.
Then y is a bounded double null sequence, all of whose terms are greater than zero. z = {z mn } ∞ m,n=0 , where z mn = √ y mn for every m, n. Suppose x ∈ A then x ∈ A n for every n ≥ n 0 , where n 0 is some fixed positive integer. If min(i, j) ∈ [N n , N n+1 ) ∩ N, where n ≥ n 0 , then
and therefore z converges slower than each x. To see that (8) and (9) are necessary conditions, suppose z = {z mn } is a bounded double positive null sequence, all of whose terms are non-zero, which converges slower than each x ∈ A. Then lim m,n→∞ z mn |x mn | = +∞ for each x ∈ A.
Let A n = {x ∈ A : 0 < |x kl | ≤ z kl , for all min (k, l) ≥ n} . Then clearly (8) holds and furthermore there exists a positive integer n 0 such that A n = φ, for all n ≥ n 0 . If min (k, l) ≥ n ≥ n 0 then sup x∈An {|x kl |} ≤ z kl .
For all n ≥ n 0 , there exists a positive N n with N n < N n+1 such that
so that (9) is satisfied.
Theorem 3.
There exists a bounded double null sequence z, all of whose terms are non-zero such that x and z converge at the same rate for every x ∈ A if and only if x, y ∈ A implies that x and y converge at the same rate.
Proof. Necessity. Suppose that z = {z mn } converges at the same rate with the rate of convergence of each x ∈ A and z mn → 0. Chose x, y ∈ A (x = y) arbitrarily. Then
Therefore there exists k and K numbers (0 < k ≤ K < +∞) such that for all n and m,
Sufficiency. Clearly, if we take z ∈ A then the conclusion follows.
Theorem 4. Suppose that K 1 = (k 1 n ) and K 2 = (k 2 n ) be two interwined sequences of positive integers, {A n } ∞ n=1 and {B n } ∞ n=1 be two sequences of non-empty sub-collections of A and a strictly monotone sequence N n with the following properties.
Then there exists a sequence z = {z mn } belonging to A which converges to zero at a rate completely incomparable with the rate of convergence of each x ∈ A.
. We define z = {z mn } such that z mn = y 2 mn (m, n ∈ K 1 ) and
and for others z kl it can take arbitrary numbers with z kl → 0. Let x ∈ A. Then, for all n ∈ K 2 , x ∈ B n and for all min (k, l) ∈ [N n , N n+1 ) ∩ K 2 , we have
If we take A n = B n (n ∈ K 2 ) in Theorem 4 , we have the following theorem.
Theorem 5.
Suppose that A is a collection of bounded double sequences, each of which converges to zero and such that each term is different from zero. Then for there to exists a sequence z = {z mn } ∞ m,n=0 , z mn = 0 for every m and n, which converges to zero at a rate completely incomparable with the rate of convergence of each x ∈ A, it is sufficient for there to exists two interwining sequences K 1 and K 2 of positive integers, a sequence {A n } ∞ n=1 of non-empty sub-collections of A and a strictly monotone sequence {N n } ⊂ K 2 with the following properties.
A n ⊆ A n+1 for all n and ∪ n∈K 1 A n = A (14)
sup
